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Abstract. Bergeron and Li have introduced a set of axioms which guarantee 
that the Grothendieck groups of a tower of algebras ©„>o can be endowed 
with the structure of graded dual Hopf algebras. Hivert and Nzeutzhap, and 
independently Lam and Shimozono constructed dual graded graphs from prim- 
itive elements in Hopf algebras. In this paper we apply the composition of these 
constructions to towers of algebras. We show that if a tower ©„>q A„ gives 
rise to graded dual Hopf algebras then we must have dim(j4„) = r"n! where 
r = dim(j4i). 

1. Introduction 

This paper is concerned with the interplay between towers of associative alge- 
bras, pairs of dual combinatorial Hopf algebras, and dual graded graphs. Our point 
of departure is the study of the composition of two constructions: (1) the construc- 
tion of dual Hopf algebras from towers of algebras satisfying some axioms, due to 
Bergeron and Li ^3j; and (2) the construction of dual graded graphs from primitive 
elements in dual Hopf algebras, discovered independently by Hivert and Nzeutchap 
[8], and Lam and Shimozono: 

tower of algebras — > combinatorial Hopf algebra — > dual graded graph (1-1) 

The notion of a pair (r,r') dual graded graphs is likely to be the least familiar. 
They were introduced by Fomin [5| (see also [13]) to encode the enumerative prop- 
erties of the Robinson-Schensted correspondence and its generalizations. The first 
arrow in (II. 1|) is obtained by using induction and restriction on the Grothendieck 
groups. The second arrow is obtained by using (some of the) structure constants 
of a combinatorial Hopf algebra as edge multiplicities for a graph. We review these 
constructions in Sections [5] and [31 The notion of combinatorial Hopf algebra used 
here is related, but slightly different from the one in [1]. 

The key example of all three classes of objects arises from the theory of symmet- 
ric functions. In 0, L. Geissinger showed that the ring Sym of symmetric functions 
is a graded self-dual Hopf algebra. Using the work of Frobenius and Schur, Zelevin- 
sky [13] interpreted the Hopf structure in terms of the Grothendieck groups of the 
tower of symmetric group algebras ®„>o C6„. Finally it follows from the classical 
work of Young that the branching rule for the symmetric group, or equivalently 
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the Picri rule for symmetric functions, gives rise to the Young graph on the set of 
partitions. The Young graph is the motivating example of dual graded graphs. 

In recent years it has been shown that other graded dual Hopf algebras can be 
obtained from towers of algebras. In |11J Malvenuto and Reutenauer establish the 
duality between the Hopf algebra NSym of noncommutative symmetric functions 
and the Hopf algebra QSym of quasi-symmetric functions. Krob and Thibon f9] 
then showed that this duality can be interpreted as the duality of the Grothendieck 
groups associated with ®„>o Hn{Q) the tower of Hecke algebras at q = 0. For more 
examples, see [2l [71 [T2]. 

It is very tempting, as suggested by J. Y. Thibon, to classify all combinato- 
rial Hopf algebras which arise as Grothendieck groups associated with a tower of 
algebras ®„>o ^n- The list of axioms given by the first and last author in 3J guar- 
antees that the Grothendieck groups of a tower of algebras form a pair of graded 
dual Hopf algebras. This list of axioms is not totally satisfactory as some of the 
axioms are difficult to verify and the description is far from a classification. In this 
paper we present a very surprising fact which shows that towers of algebras giving 
rise to combinatorial Hopf algebras are much more rigid than they appear. 

Theorem 1.1. If A = ®„>o is a tower of algebras such that its associated 
Grothendieck groups form a pair of graded dual Hopf algebras, then dim(j4„) = r"n! 
where r = dim(Ai). 

The notion of "forming a pair of graded dual Hopf algebras" is made precise 
in Section [21 The numbers r"n! will be familiar to experts in the theory of dual 
graded graphs - they count certain paths in a pair of dual graded graphs. 

The rigidity proved in Theorem 11.11 suggests that there may be a structure the- 
orem for towers of algebras which give rise to combinatorial Hopf algebras. In 
particular, to perform the inverse constructions of the arrows in (|1.1|) . it suggests 
that one should study algebras related to symmetric groups (or wreath products 
of symmetric groups). There are many combinatorial Hopf algebras for which one 
may attempt to perform the inverse construction, but there are even more dual 
graded graphs. The general construction of [TOj produces dual graded graphs from 
Bruhat orders of Weyl groups of Kac-Moody algebras and it is unclear whether 
there are Hopf algebras, or towers of algebras giving rise to these graphs. 

Acknowledgements. The second author would like to thank Mark Shimozono 
for the collaboration which led to the line of thinking in this paper. 

2. From towers of algebras to combinatorial Hope algebras 

We recall here the work of Bergeron and Li [5] on towers of algebras. For B 
an arbitrary algebra we denote by smod, the category of all finitely generated left 
i3-modules, and by P{B), the category of all finitely generated projective left B- 
modules. For some category C of left i3-modules (smod or V{B)) let F be the 
free abelian group generated by the symbols (M), one for each isomorphism class 
of modules M in C. Let Fq be the subgroup of F generated by all expressions 
[M) — (L) — [N) one for each exact sequence 

Q-^L^ M 

in C. The Grothendieck group /Co(C) of the category C is defined by the quotient 
F/Fo, an abehan additive group. For M G C, we denote by [M] its image in 1Cq{C). 
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We then set 

Gq{B) - /CoUmod) and Ko{B) = ICo{V{B)). 

For B a finite-dimensional algebra over a field K, let {Vi, • • • , be a complete 
list of nonisomorphic simple i?- modules. The projective covers {Pi, • • • , Ps} of the 
simple modules V^'s is a complete list of nonisomorphic indecomposable projective 
B-modules. We have that Go{B) = 0"^^ Z[V,] and KoiB) = 0'^^ Z[P,]. 

Let ip: B — s- A be an injection of algebras preserving unities, and let M be 
a (left) A-module and N a (left) _B-module. The induction of N from i? to A is 
Ind;^A^ — A(^^pN, the (left) A-module A^N modulo the relations a®hn = a(p{b)^n, 
and the restriction of AI from A to B is Res^Af = Hom^(yl, M), the (left) B- 
module with the i?-action defined by bf{a) = f{a(p{b)). 

Let A — 0„>o An be a graded algebra over C with multiplication p: A(^A ^ A. 
Bergeron and Li studied five axioms for A (we refer to 0] for full details): 

(1) For each n > 0, An is a finite-dimensional algebra by itself with (internal) 
multiplication /i„ : An CS) An — > An and unit 1„. Aq = C 

(2) The (external) multiplication pm,n ■ A^ ® An — > Am+n is an injective homo- 
morphism of algebras, for all m and n (sending ® 1„ to !,„+„ ). 

(3) Am+n is a two-sided projective ^ A„-module with the action defined by 
a • (6 ® c) — apm.n{b ® c) and (b ® c) ■ a — Pm,n{b ® c)a, for all m,7i > 0, a G 

An+n, & e Am, C E An and m, 71 > 0. 

(4) A relation between the decomposition of An+m as a left A^ ® v4„-module and 
as a right A^ ® v4„-module holds. 

(5) An analogue of Mackey's formula relating induction and restriction of modules 
holds. 

We say here that A = 0„>o An is a tower of algebras if it satisfies Conditions 
(1), (2) and (3). 

Condition (1) guarantees that the Grothendieck groups G{A) — 0„>oG'o(A„) 
and K{A) = 0„>o^o(^ti) are graded connected. Conditions (2) and (3) ensure 
that induction and restriction are well defined on G{A) and K{A), defining a mul- 
tiplication and comultiplication, as follows. For [M] G G'o(Am) (or KQ^Am)) and 
[N] e GoiAn) (or Ko{An)) we let 

[Mm = [lndi2l"^^M ® n] and A([7V]) = ^ [Res^^+'^^A^' . 

k-\-l—n 

The pairing between K{A) and G{A) is given by ( , ) : K{A) x G{A) Z where 



dimA-(HomA„(P, Af)) if [P] G Ko{An) and [M] G Go(A, 
otherwise. 



Thus with (only) Conditions (1), (2), and (3), G{A) and K{A) are dual free 
Z-modules both endowed with a multiplication and comultiplication. Bergeron and 
Li [3] prove 

Theorem 2.1. // a graded algebra A = 0„>q An over C satisfies Conditions (1)- 
(5) then G{A) and K{A) are graded dual Hopf algebras. 



In particular Theorem 11.11 applies to graded algebras which satisfy Conditions 
(l)-(5). Note that the dual Hopf algebras G{A) and K{A) come with distinguished 
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bases consisting of the isomorphism classes of simple and indecomposable projective 
modules. 

3. From combinatorial Hopf algebras to dual graded graphs 

This section recounts work of Fomin [5 , Hivert and Nzeutchap 8J , and Lam and 
Shimozono. A graded graph F — {V, E,h,m) consists of a set of vertices V, a set 
of (directed) edges E C V x V, a height function h : V ^ {0,1, . . .} and an edge 
multiplicity function m : V x V ^ {0, 1, . . .} . If {v, u) G E is an edge then we must 
have h{u) = h{v) + 1. The multiplicity function determines the edge set: {v, u) G E 
if and only if m(v, u) ^ 0. We assume always that there is a single vertex vq of 
height 0. 

Let ZV ~ ®^(zv 'Z-v he the free Z-module generated by the vertex set. Given a 
graded graphs F = (V, E, h, m) we define up and down operators U, D : IN ZV 

by 

Ut{v) — m{v, u) u Dr{v) — m{u, v) u 

and extending by linearity over Z. We will assume that F is locally-finite, so that 
these operators are well defined. A pair (F, F') of graded graphs with the same 
vertex set V and height function h is called dual with differential coefficient r if we 
have 

Dr'Ur - UrDr' rid. 
We shall need the following result of Fomin. For a graded graph F, let /p denote 
the number of paths from vq to v, where for two vertices w,u d V, we think that 
there are m(w, u) edges connecting w to u. 

Theorem 3.1 (Fomin ^). Let (F, F') be a pair of dual graded graphs with differ- 
ential coefficient r. Then 

V : h{v)—n 

Let H, = 0„>o Hn and H' ~ 0„>o be graded dual Hopf algebras over Z 
with respect to the pairing ( . , . } : H, x H' Z. We assume that we are given dual 
sets of homogeneous free Z-module generators {p\ G H,}\^a and {s\ G H'}\^a, 
such that all structure constants are non-negative integers. We also assume that 
dim(_ffi) = dim(_ff*) < oo for each i > and dim(i/o) = dim(_ff") = 1, so that Hq 
and H*^ are spanned by distinguished elements the unit 1. Let us suppose we are 
given non-zero homogeneous elements a G Hi and /3 G -ff ^ of degree 1. 

We now define a graded graph F(/3) = {V,E,h,m) where V = {saIasA and 
h: y — > Z is defined by h{s\) — deg(sA)- The map m: V x V ^ Z is defined by 

TO(sA,Sp) ^ {Pf„l3sx) = {A{pf,),(3(E)sx) 

and E is determined by m. The graph T{(3) is graded because of the assumption 
that P has degree 1. Similarly, we define a graded graph F'(a) = {V , E' , h' ,m') 
where V' = V, h' = h, and 

m'{sx,3^) = (a Pa, s^) = (a (X) pa, A(s^)). 

The following theorem is due independently to Hivert and Nzeutchap [8J and Lam 
and Shimozono (unpublished). 
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Theorem 3.2. The graded graphs T — r(/3) and T' = r'(a) form a pair of dual 
graded graphs with differential coefficient {a, (3). 

Proof. We identify ZV with H' and note that Ur (x) — (3 x where x G H' and we 
use the muhiphcation in H* . Also, 

Dr'{x) = ^(a8)p,„Ax) s^ ^^{a,x^^^) x^'^\ 

/j6A 

where Aa; — ^ x'^-* ® x'^^K Now observe that by our hypotheses on the degree of a 
and P they are primitive elements; Aa = 1 ® a + a 1 and A/3 = 1 (g) P + f3 ® 1. 
We first calculate 

(a,/3x) = {Aa,/3(gx) = (l,/3}(a,a;) + (a,/3)(l,x) = (a,/3}(l,x} 

and then compute 

Dr'Ur{x)=Dr'{Px) 

= (a,/3)x + C/ri:'r'(a;) 

where to obtain {a, (3)x in the last line we use Aa; = 1 ® a; + terms of other degrees. 

□ 

4. Proof of Theorem 11.11 

We are given a graded algebra A — ®„>o An over C with multiplication p satis- 
fying Conditions (1), (2) and (3). Moreover we assume that the two Grothendieck 
groups G{A) and K{A) form a pair of graded dual Hopf algebras as in Section [21 
Under these assumptions we show that 

dim(A„) = r"n! 

where r = dim(Ai). 

Let H' = G{A) and H, = K{A). Let {s[^^ = [S*!^^], . . . , s|^^ = [S^t^^]} and 
{p'l^ = [^'i^'li • ■ • iPt^^ — [Pt^'']} denote the isomorphism classes of simple and inde- 
composable projective Ai-modules, so that = 0*^i ^^[^^ and Hi = 0-^i ^P^^- 
Define ai = dim(S'j^^^) and bi = dim(Pj*'^'') for 1 < i < t. We set for the remainder 
of this paper 

t t 
a = Y^ a,pf^ eHi and P^Yl ^ 

Since Aq = C, we let sf ^ (respectively, pf^) be the unique simple (respectively, 
indecomposable projective) module representative in H*^ (respectively, Hq). Simi- 
larly, let {s|"^ = [5-"^]} be all isomorphic classes of simple A„-modules and = 
[p/"-*]} be all isomorphism classes of indecomposable projective A„-modules. The 

s^ts Un>o{''i"^} ^^"^ Un>o{Pi"^} fo^m dual free Z-module bases of H' and H,. 
Now define T = r(/3) and T' = T'{a) as in Section O 

Lemma 4.1. We have 

/p^ '=dimPj"^ and f^!^^=dimS^"\ 
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Proof. We have 

1=1 

where c/ is the number of copies of the indecomposable projective module P^''^^ (g) 
pj"'~^^ as a summand in Res^"^^ i^i"'- ^^te that s^"-* is the unit of H* and 
m{sf\ s^^'') = hi = dim/^^^' for all 1 < i < t. The dimension of an indecomposable 
projective module Pj"'' is given by 

dimPf' = ^Qdim (P/'^ §5/^^""'') - ;^m(sf-'\4"V™^i""'^- 

i,l i 

By induction on n, we deduce that dim Pj-"-* is the number of paths from s^"-* to 
s^""* in r. The claim for T' is similar. □ 

For any finite dimensional algebra B let {S'a}a be a complete set of simple B- 
modules. For each A let Pa be the projective cover of S\. It is well known (see [4]) 
that we can find minimal idempotents {ci} such that B = ® Pe^ where each Bei 
is isomorhpic to a P^. Moreover, the quotient of B by its radical shows that the 
multiplicity of Px in B is equal to dimS'^. This implies the following lemma. 

Lemma 4.2. Let B be a finite dimensional algebra and {S'a}a be a complete set of 
simple B-modules. 

dimP = (dim P\ ) (dim Sx ) , 
A 

where Px is the projective cover of Sx ■ 

By Lemma 14.21 we have r = '^i^i ~ (o^i/^)- By Theorem 13.21 we may apply 

Theorem 13. II to (r,r'). Using Lemma l42l and Lemma ILTI Theorem 13.11 savs 

dim(A„) = Y.{dimPt^){dimSt^) = J] /r'"' ff = 

i i 

Remark 4.3. If the tower consists of semisimple algebras Ai then F = F' so we 
obtain a self-dual graph. In this case the graph would be a weighted version of 
a differential poset in the sense of Stanley |13| . If furthermore the branching of 
irreducible modules from A„ to Ai (8) An-i is multiplicity free then we get a true 
differential poset. 

Remark 4.4. The Hopf algebras H* and P, are not in general commutative and 
co-commutative. Thus in the definitions of Section [3] we could have obtained a 
different pair of dual graded graphs by setting m{sx, s^) — {p^, sx /3) or m'{sx, s^) = 
l(Pxa,s^). 
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